Abstract. We prove that a class of reproducing analytic Hilbert spaces with U-invariant kernels on the unit ball has the quasi-wandering property for the d-shift operator tuple.
Introduction
has the W-property. In [Beu] , Beurling proved that if M = 0 is an invariant subspace of the Hardy space H 2 (D), then M SM is a one-dimensional subspace spanned by an inner function η and
Beurling's theorem has played an important role in operator theory, function theory and their intersection, function-theoretic operator theory. However, despite the great development in these fields over the past fifty years, it is only recently that progress has been made in proving analogues for the other classical Hilbert spaces, the Dirichlet space and the Bergman space. In [Ric] , Richter proved that the analogue of Beurling's theorem is true in the Dirichlet space D. It is well known that the invariant subspace lattice of the Bergman space L 2 a (D) is very complicated. In fact, the dimension of the wandering subspace M SM can be an arbitrary positive integer or ∞ ( [Hed] ). However, a big breakthrough in the study of the analogue of Beurling's theorem on the Bergman space was made by A. Aleman, S. Richter and C. Sundberg ( [ARS] ). They proved that any invariant subspace M of the Bergman space L 2 (D) also has the W-property. The quasi-wandering subspace was studied recently by Izuchi in [Izu] . Let M be a nontrivial invariant subspace of H 2 (D) for S. Since in this case S is an isometry, i.e., S * S = 1, then one easily sees that
On the other hand, it is easy to check (see [Izu] ) that
Thus we have
So in the one-variable Hardy space case, a quasi-wandering subspace coincides with a wandering subspace for M . It is not the case in the Bergman space although (1.1) still holds. However, in [Izu] it is shown that the shift operator on the Bergman space L 2 a (D) has the QW-property. This result is seen as a counterpart to the theorem of Aleman-Richter-Sundberg.
We say that a closed subspace M of Hilbert space
We say that an operator tupleT = (
Motivated by the work of [Izu] , in this paper we will consider the QW-property
We find a class of reproducing kernel Hilbert spaces of analytic functions on B d , which includes many of the classic Hilbert spaces, such as the Dirichlet space and the weighted Bergman spaces, whose shift operators have the QW-property.
In order to state our main result, let us introduce two kinds of reproducing kernels. Fix a constant v with v > 0. Let H k v d be the Hilbert space on the unit ball defined by the following U-invariant reproducing kernel: have U-invariant complete Nevanlinna-Pick kernels.
The following is our main result: ( [McCT] ). So the QW-property is quite different from the W-property.
The proof of the main result
We first recall some properties concerning the U-invariant reproducing analytic Hilbert space H k d . For more details one can refer to [GHX] . A routine verification shows that for a U-invariant kernel k on B d , there exists a unique power series ∞ n=0 a n z n on D with nonnegative coefficients {a k } satisfying 
Here as usual z, w
We assume that a n = 0 for n ≥ 0 and sup n a n a n+1
Let k be as (2.1). Since K(0, 0) = 1, then we have
in some open neighborhood U of zero. The multinomial formula gives that
Note that the coefficients {a n } and {c n } satisfy
where and in what follows β ≤ α means β i ≤ α i for all i = 1, . . . , d, and
Note that a 0 = 1, so c 0 = 1, and
Hence, Q can be extended continuously on H k d as the evaluation functional at zero. Proof. For every monomial z α , using the reproducing property of k, we get
Hence, the same arguments give that
It follows that Q(1) = c 0 = 1 and for every α = 0, we have
by (2.3). Thus, for every polynomial p, we obtain Qp = p(0), as desired.
The following lemma gives a sufficient condition for when Q n converges to Q in SOT.
Lemma 2.2. If there exists a positive integer
It follows from (2.3) and (2.4) that we have
Hence we get (2.5)
We claim that there is a constant C > 0 such that
for |α| ≥ N and n ≥ N . Indeed, we first assume that when n > N all c n ≤ 0. Note that c 0 = 1, c 1 < 0. α! (α − β)! for |α| ≥ N and n ≥ N . Note that sup n a n a n+1 < ∞; thus it is easy to see that the claim follows. For the case when for n > N all c n ≥ 0, the reasoning of the claim is similar.
It follows from (2.5) and (2.6) that
as n → ∞ because of ||f ||
This means that Q n converges to Q in SOT. The proof is complete.
The following lemma is also useful in our proof.
